Sketches from the life of hypercomplex numbers.
Real numbers.
The first axiom system for arithmetic of real numbers was published by Hilbert in 1900. Real numbers can be determined by the following axioms: 
III. Completeness Axiom.
If A and B are nonempty subsets of R such that for every a ∈ A and for every b ∈ B we have a ≤ b, then there exists c ∈ R such that a ≤ c ≤ b for all a ∈ A and all b ∈ B.
Note that in 1936, Alfred Tarski set out an axiomatization of the real numbers, consisting of only the 9 axioms [34, p. 275 (rus)].
Complex numbers.
Complex numbers were introduced by Italian mathematician Gerolamo Cardano in the 16th century (1545). A complex number is represented as a + bi, where i is called the imaginary unit and i 2 = −1. a and b are real numbers. Unlike real numbers, complex numbers don't form an ordered field. The complex number a − bi is called complex conjugate to a + bi.
Cayley-Dickson numbers.
Let an algebra A be given then the algebra A 2 is determined as follows from [1] (in 1942). For all a, b ∈ A and the new imaginary unit i, the hypercomplex numbers x := a + bi form A 2 and the parities 1. a(bi) = (ba)i;
2. a(ib) = (ab)i;
(ai)(bi) = −ba;
4. a + bi =ā − bi are executed.
Quaternions.
Quaternions were introduced by Hamilton in 1843 [17] with the three imaginary units (ij = k, jk = i, ki = j). However, the quaternions form an non-commutative associative division algebra. Each quaternion is formed by a pair of complex numbers according to the Cayley-Dickson procedure.
Octonions.
Octonions were introduced by John T. Graves (in 1843) and Arthur Cayley (in 1845) independently [14] , [11] with seven imaginary units. However, the octonions form an non-commutative non-associative alternative division algebra. Each octonion is formed by a pair of quaternions according to the Cayley-Dickson procedure. Instead of the associative low, the alternative lows exists: (aa)b = a(ab) (left), b(aa) = (ba)a (right). The automorphism group has the dimension equal to 14 and is a subgroup of the orthogonal group whose the dimension is equal to 28. One of the invariants is the algebra identity that reduces the dimension on 7. What is the second invariant that reduces the dimension on 7 else? 6. Sedenions.
Sedenions were introduced by John T. Graves with 15 imaginary units. However, the sedenions form an non-commutative non-associative alternativeelastic non-division algebra. Each sedenion is formed by a pair of octonions according to the Cayley-Dickson procedure. Instead of the alternative low, the weakly alternative low exists: (aa)b − a(ab) = b(aa) − (ba)a. This identity is equivalent to both the flexible low a(ba) = (ab)a and the power-associative low a(aa)=(aa)a [1] , [19] , [6] .
7. Alternative-elastic algebras.
An alternative-elastic algebra A n over field R is formed by the following axioms [6] :
2. Associativity of addition:
3. Commutativity of addition:
4. Existence of additive identity element: ∀a ∈ A n , ∃ 0 ∈ A n , a + 0 = a.
Existence of additive inverse
7. Weakly alternativity of multiplication:
Existence of multiplicative identity element: ∀a ∈
9. Existence of multiplicative inverse:
10. Distributivity of multiplication over addition:
11. Nontriviality: 1 = 0.
One can determine the metric on the algebra as < a, b > e := 1 2 (ab + bā). In particular, each Cayley-Dickson algebra, constructed from R by CayleyDickson procedure applied a number of times, is a metric alternative-elastic algebra.
Complex and real representations. Real inclusion.
In the article [24] (in 1959), the Norden affinor was introduced as ∆ΛΨ := = 1 2 (δΛΨ + ifΛΨ ) (Λ,Ψ , ... = 1, 2n), where fΛΨ is a complex structure. In 1989, this allowed to introduce the Neifeld operators [22] ∆ΛΨ := m ΛΛ m ΛΨ (Λ, Ψ, ... = 1, n). This provided a transition between the real and complex representations: R 2n (n,n) and C n . In addition, one can locally define a real inclusion with the help of an inclusion operator H i Λ : R n → C n according to [22] and can determine the involution in the complex space as
In particular, for the metric tensors, the connecting parities (n,n) ) over the field R is determined by generators γΛ (Λ,Ψ , ... = 1, 2n) satisfied the Clifford equation γΛγΨ + γΨ γΛ = GΛΨ E, where E is identity operator. Each generator is represented by a matrix whose the dimension is equal to (2N) 2 × (2N) 2 , where N := 2 n/2−1 . The space R 2n (n,n) (C n ), on which the generators are defined, is called base space. One can pass to one of the 2N complex representations such the generators (see next Section) that leads to the complex algebra CL(g n ), each generator of which is represented by a matrix whose the dimension is equal to 2N × 2N. A generator of the Clifford algebra CL(g n (n,0) ) can be constructed with the help of an inclusion operator for the inclusion of the real space R n into the complex space C n . Note that the Clifford generators can be reduced by the formula
And the components can be formalized as
And the Clifford equation will take the form
is called spinor space. The operators η Λ AB are the connecting ones and define spinor formalism. This means that a path of the algebraic load is transferred onto the connecting operators; this simplifies some tensor parities and leads to new spinor ones, which are not obvious in the tensor form. A good example is the spinor classification of the Weil tensor [25, v. 2, p. 256(eng)] unlike the tensor ones [26] . For our purposes, such an algebraic expression, which carries most of the algebraic load, will be the triple product η Λ AB η ΨAC η ΦDB [21, p. 272] written down in one form or another. Note that both the connecting operators η Λ AB and the structural constants of an algebra η ΛΨ Φ have three indexes for each. Can one associate these two objects together? And what will be the third object of this link? Will this be the second invariant for the octonion automorphism group that reduces the dimension on 7 else? The answer to these questions is here [5] , [3, p. 48 
where θ CD is the controlling symmetric spin-tensor and is the second invariant for the octonion automorphism group. For the real inclusion
, such an algebra with the structural constant η ij k will be a metric alternative-elastic algebra over the field R. Well, but how to solve the Clifford equation for even n? And why controlling symmetric spin-tensor is an invariant under the octonion automorphism group? We need to look at the history again. But at the beginning, it is necessary to answer on the question: What is a complex representation of the real connecting operators?
Complex representation of the connecting operators.
The Neifeld operators induce spinor analogues on the spinor space. In this case, every I-th subspace R 
Note that ∆ I is both the identity operator on R 2n−4I
(n−2I,n−2I) ⊕ C 2(I−1) and the canonical Norden affinor on R 4 (2,2) . Let z I be equal to 0 for ≪ − ≫ and 1 for ≪ + ≫ then one can define the pair of operatorsM
for the spinor space. Finally, one can obtain the 2N complex representations of the connecting operators 
. So it is necessary to answer on the question to justify the spinor decomposition of the Norden affinor: How to construct spinor analogs of complex orthogonal transformations? All significant complex representations are equivalent in all its properties, and therefore K will be omitted if the number of a considered representation is not significant.
Complex orthogonal transformations. Involutions.
More than once, we will be faced with theorems named afterÉlie Cartan in connection with spinors. It is one of them. The theorem was generalized to quadratic forms over arbitrary fields by Dieudonné. [12, p. 33(rus) ] Let E be a vector space of dimension n ≥ 1. Every isometry f ∈ O(g) which is not the identity is the composition of at most n reflections with respect to hyperplanes, where n = dim E and g is a nondegenerate quadratic form on E. 
In the case when the algebra identity preserved, S C A :=S C A =S C A . For the octonions, the automorphism group keeps the algebra identity, therefore the controlling spin-tensor must be invariant under spinor orthogonal transformations corresponding to automorphism group transformations that reduces the dimension on 7 else. In more detail, the block-diagonal structure can be found in [28, p. 94-109]. For the non-special orthogonal transformation the decomposition .
For n=8, it is easy to calculate the dimension of the automorphism group for alternative-elastic algebras using this equation [7] . For the involution, for the given signature, only one of the two decompositions 3) . This initiated the study of Clifford equation solutions for n = 4 [25] . However, it is more convenient to consider the inclusion R [8] . In the projective space CP 7 , there are two quadrics (two B-cylinders) with the following main properties:
1. The planar generator CP 3 of a one quadric will define one-to-one the point R on the other quadric.
2. The planar generator CP 2 of a one quadric will uniquely define the point R on the other quadric. But the point R of the second quadric can be associated to the manifold of planar generators CP 2 belonging to the same planar generator CP 3 of the first quadric.
3. The rectilinear generator CP 1 of a one quadric will define one-to-one the rectilinear generator CP 1 of the other quadric. And all the rectilinear generators belonging to the same planar generator CP 3 of the first quadric define the beam centered at R belonging to the second quadric.
• For even n < 8 the dimension of the base space is greater than the one of the spinor space.
• For n = 8 the dimension of the base space is equal to the one of the spinor space.
• For even n > 8 the dimension of the base space is less than the one of the spinor space.
Thus, for n ≤ 8, one can construct the division normalized algebra. For n > 8, the 0-divisors appear, because the inclusion of the base space in the spinor one is performed with the help of the inclusion operator P (Λ, Ψ, ... = 1, 8 ) acts on the base space, and its metric analog ε AB acts on the bitwistor space. Thus, the two quadrics are define:
• the quadric, determined with the help of ε AB X A X B = 0;
• the quadric, determined by the 6 parameters r ab with the help of g ΛΨ r Λ r Ψ = 0.
This quadrics are the B-cylinders from Theorem 2. This allows to obtain the representation of an isotropic twistor on the isotropic cone of the base space R Solutions of the Clifford equation for n=4 are given in [25] and associated to the Pauli matrixes. As is known, they are 4: an one antisymmetric matrix and three symmetric matrixes. In Russia, for n=6, the first appearance of partial solutions of the Clifford equation seems to be attributed to [24] in 1959. They are related to Plucker coordinates for the Grassmannian G(2, 4). To foreign publications, the article [18] , [13] can be attributed. Further development of these results were obtained by Ukrainian physicist Yu. P. Stepanpovskiȋ [32] , [33] . Thus, for n=6, the partial solutions of the Clifford equation can be represented with the help of six antisymmetric matrixes. It should be noted that the specified formalism is closely connected with the Bogolyubov-Valatin transformations [30] . It can be shown that for n=8, partial solutions of the Clifford equation can be represented with the help of 8 matrixes: seven antisymmetric matrixes and an one symmetric matrix [5] , [3, p. 77, Section 14.4(eng), p. 211(88), Section 14.4 (rus)], [2, p. 88, Section 14.4]. Therefore, we must assume that for even n, partial solutions of the Clifford equation can be represented with the help of n matrixes:q antisymmetric matrixes and q symmetric matrixes (q + q = n). Note, that the Penrose spinor formalism for n=4 is based on the Klein correspondence [25] , while the spinor formalism for even n can be considered on the base of the Cartan triality principle [9] , [2]- [4] . And because the Klein correspondence is a particular case of the Cartan triality principle then it makes sense to consider the spinor formalism for n=8 and then to go back to n=4 with the help of the reverse motion.
16. Bott periodicity. Classification of metric group alternative-elastic algebras.
In 1908, Cartan discovered the principle of periodicity for the Clifford algebras [16] , [11] , [21] CL(g n+8 (n+8,0) ) ∼ = CL(g n (n,0) ) ⊗ R [16] . But this property is true for any signature of the metric. This means that the main properties must be preserved for algebras with the same value n mod 8. The presence of an symmetric metric spinor on the spinor space provides the existence of the group structure with respect to multiplication for n mod 8 = 0. This implies that since octonions are endowed with the group alternative-elastic structure then alternative-elastic algebras exist for any n mod 8=0. Moreover, octonions is initial induction step for the construction of such the algebras for n mod 8 = 0. To construct the next even-dimensional connecting operators, one can use the inductive transition of the form 2.18) ]. Thus, the connecting operation can be constructed inductively for any n mod 8=0. For inclusion
, any metric alternative-elastic algebra can be expanded into the basis, the I-element of which is the algebra of the form
where ε CD is the metric spinor on the spinor space, and (1− 1 2
guarantee the existence of the algebra identity. We will consider such the orthogonal basis elements (X I ) C , which are transformed into each other with the help of the orthogonal transformation only and (X I ) C (X I ) C := 2. Indeed, any controlling symmetric spinor θ CD can be decomposed as
In particular, Cayley-Dickson algebras admit such the decomposition and are special orthogonal metric alternative-elastic algebras. This means, that such the algebra is generated by special orthogonal transformations from the single basis element. This element is generated from the controlling spinor with the significant coordinates
The construction of the sedenion algebra, based on this expansion, is realized in Appendix [6] . One can easy classify these algebras for n = 8. This classification is based on the one of eigenvalues of the controlling spin-tensor θ CD [7] . For the octonion algebra [7, ex. 1] , θ CD has the single significant eigenvalue, and therefore the dimension is reduced on 7 else. A similar classification can be constructed for any n mod 8 = 0.
17. Complex and real representations of (pseudo-)Riemannian spaces.
Under complex analytical Riemannian space CV n , we will further understand an analytical complex manifold supplied with analytical quadratic metric, i.e., a metric defined by means of a symmetric nonsingular tensor g ΛΨ (here Λ, Ψ, ... = 1, n;Λ,Ψ , ... = 1, 2n), which the coordinates are analytical functions of the point coordinates. To this tensor, there corresponds complex Riemannian torsion-free connection, the coefficients of which are defined by the Christoffel symbols, and hence these coefficients are analytical functions. The tangent bundle to this manifold τ C (CV n ) has fibers τ C x ∼ = CR n that is fibers isomorphic to the n-dimensional complex Euclidian space, the metric of which is defined by the value of the metric tensor at the given point. The real representation V 2n of CV n has the tangent bundle τ R (V 2n ) with fibers isomorphic to R 2n (n,n) . Let an atlas (U; xΛ) be set on V 2n . We will consider reparametrization of this atlas (U; w Λ ) such that
which is locally solvable as xΛ = xΛ(u Λ , v Λ ). Set 2N 2 ) such that XÃYÃ = 2 and PΛÃPΨÃ = GΛΨ . This is always possible for n ≥ 8. Then the compatibility condition of the connections for the real representation will have the form ∇ΛPΨÃ = 0. For the complex representation, the operators (P K ) 
For the inclusion R 
where p 1 := ±1, p 2 := ±1. Therefore, one can construct the one-to-one mapping (a, b, ... = 1, 4, A, B, ... = 1, 2, i, j, ... = 1, 4)
:=Xa .
Then on the spin-pair
, the metric and the involution of the form
are defined. Therefor, it is possible to construct Lie pair-spin operators
Note, that the expansion
A is an one of the vector into the two isotropic vectors. And for the isotropic vectors, Lie spinor operators were constructed in [25, v. 
For any X A , the integrability condition is write down as C ΛΨΦΩ = 0 [3, Section 13], where C ΛΨΦΩ is the Weyl tensor. Thus, the constructed connection is conformally Euclidean. For this case, the solution of the twistor equation has the form X C :=Ẋ C + iR CAẎ A ,Ẋ C = const,Ẏ A = const, R CA := r Λ η Λ CA . Recall that there are the 2N units of such the complex representations. If someone will find the sum on K then he will obtain the Killing equation from the twistor equation [3, Section 13, p. 68(eng), p. 200(77)(rus)]. For n=6, the particular case is considered in [10] .
